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Abstract. It is known the Girsanov exponent j t , being solution of Doleans-Dade equation 
3t = 1 + /q ct(u>, s)dB a generated by Brownian motion Bt and a random process ct{u,t) 
with f Q ce 2 (ui, s)ds < oo a.s., is the martingale provided that the Benes condition 

K^,i)| 2 < const, [l + sup Sf], Vt>0, 
»e[o,t] 

holds true. In this paper, we show Bt can be replaced by by a homogeneous purely 
discontinuous square integrable martingale Mt with independent increments and paths 
from the Skorokhod space D[o,oo) having positive jumps AM t with E X^ s g[o t] (AM S ) 3 < oo. 
A function ct(ui, t) is assumed to be nonnegative and predictable. Under this setting jt is 
the martingale provided that 

a 2 (uj,t) < const, [l + sup M?_] , Vt>0. 

s6[0,t] 

The method of proof differs from the original Benes one and is compatible for both setting 
with Bt and Mt. 



1. Introduction and main result 
1.1. Setting of problem. A classical Girsanov's exponent 

it = exp ( j a(uj,s)dB s - - J a 2 (uj,s)ds^, 

with Brownian motion Bt and adapted random process a(u),t) having Jjj a(u>, s)ds < oo, 
forms a positive local martingale (and supermartingale too) with E$t < 1. If 

E<k = 1, (1.1) 

the random process it is a martingale. In order (jl.ip to have, Girsanov in [2] used bounded 
function a(u, t) and suggested a conjecture that (jl.ip will be valid if a 2 (u, t) sa Bf. Among 
conditions guaranteing (|1.1|) (see, e.g. Novikov [TU], Kazamaki [B], the latest Krylov [7], 
etc), we distinguish the Benes statement: for any T > 0, 

"|a(w,t)| 2 < const. [1 + sup B 2 S ] " => "E 3t = 1", (1.2) 

se[o,t] 1 ' 1 

which is derived in pQ with the help of Kazamaki [6J (see also Karatzas and Shreve [5], 
"Ustiinel and Zakai [TT]). 
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The aim of this paper is to "replace" the Brownian motion Bt by a homogeneous purely 
discontinuous square integrable martingale Mt with independent increments and obtain an 
implication similar to (jl.2p . Unfortunately, a method of proof of (11. 2j) with Mt instead of 
Bt is not applicable since, for example, results of Kazamaki, Novikov, and Krylov related 
to martingale Mt do not exist. 



1.2. New approach to Benes result. We propose a new approach for the proof of (|1 .2j) 
which is compatible with Bt and Mt. Its application to a discontinuous martingale is more 
involved than to classical case with Brownian motion. So, to make our approach at most 
transparent we give a sketch of the proof of (11.21) step by step. 

(1) It is well known fa is the unique solution of Doleans-Dade equation 



3i = l+/ i s a(u,s)dB s . (1.3) 
J o 

Set a n = inf \t : 1 + sup sg[ot] B 2 S > raj, B t " = J3 tA(Jn and 3^ = 3t ACTn . Then 

3? = 1 + / 3^{ CT „> S }«( W ' S )^- 
J 

Evidently, /| - n>s }a 2 (u;, s) < const. n. Consequently, E3™ = 1. 

(2) In order to prove Efo = 1 f° r an Y t G [0, 2^], it suffices to show the family {^} n ^oo 
is uniformly integrable. With chosen a n , we have Ej^ = 1. Let us introduce a probability 
measure PJ,<P with dPJ^ = i^dP and denote by the expectation symbol of P^. 

Following Hitsuda [3], the uniform integrability of {3y-}n— »oo is verified with a convex 
function 

ip(x) = xlog(x) + 1 — x, x > (1.4) 

due to the Vallee-Poussin's criteria since lmx^oo = 00. Namely, we have to show that 
sup n Eip(ffi) < 00. A verification of this condition is inconvenient. However if E^(^) < 00 

a direct computation shows Eil){ff) = E^log (3^). 

(3) the Girsanov theorem, a random process (I?f )te[o,T] with 

B? = B?- f I {an > s} a{u,s)ds (1.5) 
J 

is P^-martingale with the predictable quadratic variation (B n )t = (B n )t = tAa n . Therefore, 
by using (jl.5p . we obtain 

log(3") = / J {CTn > s} a(a;, s)dB™ + - / / {(Tn > s} a 2 (w, s)ds. 
Jo z Jo 

Since I{ an > s \a 2 (u,s) is bounded, we have E^ Ir an > s \a 2 (u, s)ds < c n with a constant c n 
depending on n. Hence, E^ f If an > s \a(uj, s)dB™ = 0. 

Therefore and in view of I{ an>s }Oi 2 (u), s)ds < const. [1 + sup a / e r gAt7 .i |1?",| 2 ], 



E?log(3?) = Ej. f T I {an y s} a 2 (u;,s)ds < const. 1 + E? 

J s'e[0,TA(T„] 



1 + E£ sup |5™,| 2 



(4) Now, the proof is reduced to sup n sup s / 6 r 0| y Ao> i \B™, | 2 < oo. 
Denote F/ 1 := E™ sup s , e[0itA(Tn] l^™,) 2 . In view of (T5J), 



Vf<2E?.( / t / {CTn > s} |a(u;, S )|d S ) 2 + 2E^( sup |i^i) 2 . 

By the Doob maximal inequality, E£ ( sup |) 2 < 4E£|5 t n A(7n | 2 = 4Ej,|(i A <r n ) < 4T, 

while by the Cauchy-Schwarz inequality 

Et ( f I{* n >.}Hw, s)\ds) 2 < E£ jf / {CTn > s} a 2 ( W , S )ds < r [l + jf F £ 



Finally, combining these estimates, we obtain an integral inequality (with the constant r 
independent of n): 



V t n <r 



1+ / V?ds 



Thus, < re Tr . 



1.3. Formulation of main result. Let us explain how Brownian Bt might be replaced by 
a purely discontinuous martingale Mt- A simplest way is to replace Bt by Mt in the the 
Doleans-Dade equation (|1.3p . that is, 



It = 1 + / ia-a(u,s)dM a , 
Jo 



where $ s - = lim^, and adapted process a{u,t) is replaced by its predictable version. The 

s'ls 

square integrable martingale Mt has paths the Skorokhod space B[ 0jO o)- Denote (M)t the 
predictable quadratic variation of Mt and Mt— = lim#tt Mf. 

We assume f£ a 2 (to, s)d(M) s < oo. A positiveness of it is warranted by assumptions 
a{oj,t) > and (M t - M t -)l {Mt ^ Mt _ } > 0. 

We choose M t in a form of Ito's integral 

M t = / / z[[i(ds, dz) — u(ds, dz)] 
Jo Jr+ 

relative to, so called, martingale difference "/x — u" , where fj,(dt,dz) is the integer- valued 
measure [i = fi(dt, dz) associated with a jump process AM[ = Mt — Mt- of Mt and is(dt, dz) 
is a compensator of fi(dt,dz). In order to have the above-mentioned properties of Mt, we 
choose a deterministic compensator 

is(dt,dz) = K(dz)dt 

with a measure K[dz) supported on M + and f R+ z 2 K(dz) < oo. In particular, then, 

-t 



(M) t = EM 2 = [ z 2 K(dz)ds. 
Jo 



Our main result is formulated in 
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Theorem 1.1. Assume J K+ z 3 K(dz) < oo. Then for any T > (comp. (|1.2f) ^ 
"|a(w,t)| 2 < const. [1 + sup M s 2 _] " "E 3t = 1", 

s6[0,t] 1 ' J 



The method of proof is similar to one given in Section (jl.2p 

2. The proof of Theorem 11.11 

2.1. Preliminaries. We begin with recalling necessary notions (for more details, see e.g. 
[8] or [3]). Along this paper a filtered probability space (/2, T , (=^t)te[o,oo)> P) with "general 
conditions" is fixed and all random objects are defined on it. <£P denotes predictable a- 
algebra relative to (^t)te[o,oo) an d is the Borel c-algebra on R + . 

Henceforth, r denotes a generic constant taking different values at different appearances 
and is independent of a number n involved in the text. 
We begin with know implication: 

u a(uj,t) <r" => "E 3t = 1". (2.1) 

Set r n = inf{t : 3 4 _ > n} and notice 3(tAr„)- — n - Then 3" := 3jat ?1 solves the Doleans- 
Dade equation 

ft = 1 + / £_I {Tn > sy a(u,s)dM s . (2.2) 

JO 

A boundedness of I< Tn>s \i™_a(u, s) guarantees the process 3™ is the square integrable mar- 
tingale and E(3?) 2 = 1 + EjJ (/ {rn > s} 3™„a(w, s)) 2 d(M) s ds < 1 + r Jj E(3™) 2 ds. Then, a 
function V^ n = E(3™) 2 solves the integral inequality: V™ < 1 + r J*g V™ds. So, by the Bellman- 
Gronwall inequality, V^ n < e ri , that is, sup n E(3™) 2 < e rt . Therefore, by the Vallee-Poussin's 
criteria, the family {$)} n -^oo is uniformly integrable. So, not only lim n ^ 00 3" = it but also 
E3( = lim^oo E3J 1 = 1. 

2.2. 3™ approximation of 34. Change of probability measure. 

Lemma 2.1. Let a n = inf \t : [l + sup se r ot ] M 2 _] > n} anrf 3™ = lt/\a n ■ Then E3™ = 1. 
Proof. We use (|2.2p with r n replaced by a n : 

it = 1 + / Jw>.}3?-«(w, s)dM s . (2.3) 

JO 

Since [l + sup Af 2 _] < n and, then, //^^^(w, t)\ 2 < rijy n > t i [l + sup M 2 _] < rn, 

sg[o,tAo-n] se[o,t] 
it remains to apply (|2.ip . □ 

Let T > be fixed. By Lemma 12.11 E3^. = 1. As in Section 11.21 we have to show the 
family {3^} 

n^co is uniformly integrable. So, we intend to to verify sup n Etpd™) < 00 with 
the function ij)(x) defined in (jl.4p . 

Repeating arguments from Section fl.2l we introduce a probability measure PJ,<P with 
dP™ = $dP (EJ denotes the expectation symbol of P£). Set M 4 n = M tA<7n and rewrite (1231) 
in equivalent form 

3? = 1+/ / {(Tn > s} 3?_a(w,s)dM?. (2.4) 
j 
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The random process (M") tg [ 0j T] is P - square integrable martingale. Since Pj, <C P, the 
process (M") tg [ T ] is P^-semimartingale obeying the unique decomposition M" = A" + M t n 
with predictable drift A™ and local martingale (see, e.g. [8], Ch.4, §5, Theorem 2). 
Denote vlj,{dt,dz) a compensator of fi(dt,dz) relative to P T . 

Lemma 2.2. 

1. V^(ds,dz) = 7/ (Jre > s i.(l + a(tL>, s)z)K(dz)ds 

2. M" = — A™ is square integrable martingale with 



(M n ) t = / z 2 I {an > s} (l + a(u;,s)z)K(dz)ds (2.5) 
JO JR + 

3 - A t = Jo I R+ I{vn>s}(x(u, s)z 2 K{dz)ds 

Proof. 1. Below, we will use a formula 

^rh°n>s} = km*} (i + ») am;) 

3s— 

readily derived from (12, 4h . Let ii(w, t, z) be bounded and ^ <g) ^(M+)-measurable function 
vanishing in a vicinity of {0}. Write 



rT 




io 



rT 



I {crn>s}u(uJ,s,z)n(dt,dz) 
e 3t / / 1 {a n >s}u{u,s,z)(j,(dt,dz) 



lo 



rT 
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rT 



E / / ^_-^-I {r7n > s} u(u,s,z)fi(dt,dz) 

JO J«.4- 3s- 



(■T 



E / fi_[l + a{u,s)AM?]I {an > s} u(u;,s,z)(x{dt,dz) 
Jo Jr+ 

E ' / 3s-^{(t„>s} [! + «(w,s)z]n(u;,s,z)/i(ds,& 



/o JI+ 
rT 



E 




JM- 
l-T 



3s- j {<t„>s} [1 + a(^> s)s]it(u;, s, z)K(dz)ds 



e 3t / / /{ CTn > s }[l + a(a;,s)2;]u(a;,s,z)i ; !:(dz)(is 
E T / / /{ CTn > s }[l + a(w,s)z]n(u;,s,z)E:(«i2;)ds. 



The desired result follows by arbitrariness of «(u;, t, z) . 
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2. +3. Recall / R (z 2 V z 3 )K(dz) < oo. Hence E™ J Q T J R z 2 v n {ds,dz) < oo. Therefore 
Mf= / / 2/ {o . n > a} [M(<fe,^)-£?(ds,<te) 

JO JIR+ 

is PJ,-square integrable martingale with predictable quadratic variation process 

(M n )t= f I z 2 I {an > s} (l + a(u J , S )z)K(dz)ds. (2.6) 
Jo Jr + 

On the other hand, 

M? - M™ = f / I {CTn > s}Z [^(d S , cfe) - tf(cfe)]<k 



/o 



/ {<Xn> S }^ a ( W ' S ) i,C (^) dS = : A t 



where A™ is well defined predictable process. 

Consequently, M™ = M™ in view of the unique semimartingale decomposition with the 
predictable drift. □ 

2.3. Upper bound of Etp(^). Following the main idea of Section [1.21 we have to show 
the family {^} n ->co is uniformly integrable. To this end, we have to prove sup n Eip($j,) < oo 
for the function ip(x) = xlog(x) + 1 — x, x > 0. We show first 

Et log(3?) < oo 
and, then, use an obvious identity E-^^) = E^log(3y). 
Lemma 2.3. 



E^log(^) < EJ / / I {an > s} z 2 a 2 (u,s)K(dz)ds < r\l + E£ sup (M s " ^ 

JO JR+ sG[0,TAcr„] 



Proof. It is well known (see e.g. [8], Ch. 2, §4), the Doleans-Dade equation (|2.4p obeys the 
unique solution 



3r = exp(^ ^ / K > s} a(w,^M s n 



+ ^ log { [1 + a(w, s)AM°] - s)AM s "}). 
se[o,tAo-„] 

Recall a(w,s)AM s n > 0. Then log[l + a(w,s)AM s n ] - a(w,s)AM s 7V < and, therefore, 
log (3?) < J t I {an > s} a(LO,s)dM^. So, by Lemma E2 



log(3r)< / I {(7n >s}u(uj,s)dA^+ [ I {an > s} a(u,s)dM™. 
Jo Jo 
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The process M t n is square integrable martingale with (M n )y defined in (12. 5p . Therefore, the 
Ito integral J* * Ir an > s ya(u, s)dM™ is also the square integrable martingale with the quadratic 
variation 



QV :-- 




z 2 I{a n >s}a 2 (u, s) [l + a{u, s)z]K{dz)ds. 



Let us show that QV is bounded by a constant depending on n. Since j R (z 2 V z s )K(dz) < r, 



QV<r I {an > s} [l + a%u;,s)]ds<rT + r I {(7n > s} a s (uj, s)ds 



T 



Further, 



7 {a„> s }a 3 (^,s) = [I{a n >s}a 2 (uj,s)] 3/2 < 



i + sup m; 

s'e[0,sAcr n ] 



3/2 



< rra 3/2 . 



that is, QV < rT[l + ra 3 / 2 ]. 

Hence, E^fi I {< , n > a} a(u, 8 )dM? = and EJlogfo?.) < E" £ / {(Jn > s} a(u;, s)dA n s . So, it 
remains to recall the formula of A™ (see Lemma l2.2|) . and J R+ z 2 K(dz), and 



/ {a„> s }a 2 (^s) = ^{<7„> s }a 2 (^ 5 s) < r 



1 + sup Ml 

s'e[0,sAa n ] 



□ 



2.4. Final step of the proof. Now, we are in the position to compute E T sup |M™| 2 . 

se[o,T] 

The use of M t n = A? + Mf implies E™ sup |Af™| 2 < 2E™ sup |Ap| 2 + 2E™ sup |M^| 2 . 

t'e[o,t] t'e[o,t] t'e[o,t] 

In view of statement 3. of Lemma [2.21 A™ = f R+ z 2 K(dz) J * I{ an > s ya(u, s)ds. So, by 

applying the Cauchy-Schwarz inequality we obtain 

(2.7) 



E T sup \A?,\ 2 <rE T / / {CTn > s} a 2 (a;, S )d S 

t'6[0,t] ■/ 

Further, by the Doob maximal inequality and (|2.6p we find that 



{<Tn>s} 



'l + a(u, s)z)K(dz)ds 



E T sup |M t ?| 2 <4E£(M n )t = 4E£ / / z 2 / 

f e[o,t] 

< rE£ / / {CTn > s} [1 + a(u, s)) ds < rE T / I Wn > s} [l + a 2 (w, s)) ds 



Now, a combination of (|2.7p . and (|2.8p provides: for any t <T, 

EJp sup |M^| 2 <rE£ / [1 + a 2 (w, s)]ds < rE T [ \l + sup |M ; 



i'£[0,f] 











s'e[o,s] 



ds. 



Hence, the function V t n := sup n E^ sup<, g r 0i £i |M"| solves an integral inequality: 



"V t n < r(l+ / VTds 



o 



„rT>? 



(2.8) 
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